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mfnwW£h'WZUkqzjZUY Wfnr[febkqm¢Wagr
hjkqzjuq §VWZhkBzjrh3zjZvr'celh3kq
hjWagr g*abm s rZvZUYHrh'koWf=qZSBZvZUm pzjkiqZ s *uqvNalY[Y[ZUzjYHfmm f < E H(H i »Qkqz,wUelk*rZ s wDknm:qZDx¡r'cr'ZDhrkq
Kn
»  WZvz'Z K agr0fSr'ZUY[abz'abm  ahjWGfqma s ZUY[pkh'Zvm*h0f ss alh'abkqm»rjfihjabrQu:alm3r'kqY[Zfx-alknY[r  WagwWWkqe s WZUm K = Rmax
 dG rabY[alegfzz'Zrceh  fnr0pzjkiqZ s :u}_-fYSBknzjr!g:anm o!fm s _-Wpab« f < E(E* i cm s ZUz8Y[kqzjZnZUmZvzjfqefqrjr'cY[p-h'abkqmrkqmHhjWZr'ZUY[abz'abmB»nchªfqrjr'cY[almth'Wfh.hjWZpkqabm*hh'k3rZvpfzfihjZ0Wfqr.abm*nZUz'h'abebZ
wUk:kqz s almBfih'ZrU VWZpzjZvr'ZUm*h"¬fWm-¯º¼fqmfqwWSh'WZvkqzjZUY Wkqe s rcm s Zvz"Y[kqzjZqZUmZUzfe-fqrjrcY3ph'abkqmrv»qfm s
u:abZUe s r s abzjZvwKh"ZUx-pelagwDalhQkqzjYdce  Qkqz"r'ZUpfqzjfh'abm]W:u*pZUzjpegfmZrU VWagrqZvmZUzfebah
udabrpknrjr'alebZBZwUfqcrZ
 Z  kqzgabme")0#	!kqz s Zvz'Z s rh'zjcwDh'czjZvrv 9=±m,hjWZwUfnrZk:h'WZ.YHfix:¯²pelcr!rZvY3abzjalmB»UhjWagr!Y[Zvfqmr5hjWfih
hjWZSwUk:Z®wDabZUm*hjrkh'WZSr'ZUpfqzjfh'abmHWfel°¯±rpfnwDZrh'Wfh  Ztcabe s wUfqmohjf(gqZ,hjWZ +∞ ifqelcZn»r'kHhjWfihhjWZvr'ZWfqe°¯±r'pfqwUZvrmZvZ s mkqhZwDebknr'Z s Qknzh'WZcr'cfeh'kqpkqebkqnuq ¬ZUmBwDZq»*kqcz"z'Zrcehrfppelu3ZUnZUm3h'k
r'kqY[Z,wDknm:qZDx®r'cr'ZDhr  WabwW}fqz'Z8mkhwUelk*rZ s »rZvZ8h'WZ,ZUx-fqY[pelZ,fhªhjWZ,ZUm s kq~0ZvY[fqz!g < SBZvelk   =±m f @.kqWZvm 1	M0s5nn i »  Zdfppelu¤h'WZdpz'ZrZvm*hz'Zrcehrh'kwUkqm:qZUxQcmBwKh'abkqmBrkiqZvzh'WZSYHfix:¯²pelcrr'ZUY[abz'abmB»:fqm s zjZvwUkiqZvzabm¤pfqzhjabwUcegfz0fSr'ZUpBfzfih'abkqm®h'WZvkqzjZUY Sebf-vabY3Y[Zvz'YHfmQkqzwUelk*rZ s wDknm*nZDx
r'ZDhrU GVWZr'pabz'alhtkªh'WZpz'ZrZvm*h  knz!g¡agrtfqebr'k}qZvz'u¢wUelk*rZ3hjk}h'Wfhtkh'WZHh'WZvkqzju s ZvqZUebkqpZ s :uJ!ahj:almkiN»*|¡fqr'elkiN»qfqm s _:Wpab« f qq < i »  Wk,Zvrhjfqebabr'WHa s ZUY[pBkqh'ZvmnhªfmfqelknqcZrk5rZvqZUzfewUebfnr'r'agwUfehjWZUknz'ZvYHr0kQcmwDh'abkqmfqe@fqmfebu-ragrU ªVWZtzjZUpzjZvr'ZUm*hfih'abkqm¤h'WZUkqzjZUY QkqzelabmZvfqz0QkqzjYHr f @.knz'knelegfzju2NEZUebk  i fm s h'WZ®zjZUegfihjZ s fmfqelu*hjabw3Qknz'Yh'WZ¤¬fWm-¯º¼fqmfqwW¢h'WZvkqzjZUY f @.kqzjkqebebfqz'u¢\noZUebk  i fzjZZUx:h'ZUmBrabkqmr[kq]h'WZ¢wUkqzjz'Zrpkqm s almzjZvr'celhjrHkq f Jalh':almki #	Y_s0q < i  d  pkqebk(gnkqelhjr'ki f < ENE(E ir'cnqZvrh'Z s h'k¤h'WZ[r'ZvwUkqm s fc-hjWkqz8h'WZ3abm*h'Zvz'Zr
h8k.zjZU:agralh'abm¤Y[fx:¯²pebcr8zjZvr'a s cBfih'abkqm¡h'WZvkqzju  alh'W
f®½]fqelknabr0wUkqmmZvwKhjalknm¤pkqabm*hk:alZ  »fm s hjWZtpzjZvr'ZUm*h  kqzg®alebebcr
hjzjfh'Zrªh'WZ,QzjcalhQcewWfzfqwDh'Zvzªkq
hjWagr0a s Zvf»  WabwWGabr0fqebr'kHfppelabZ s h'k s aNZUzjZUm*h0pz'knebZUYHralm f G)g:abfqm #	C0sNnn i    Z]h'WBfm*g®WalYo»fqm s  Z]hjWfm*gGfegrk[|£ G)g:abfqm»y Jkqh'alh'kB» |¡fqmwDabmZvelebaÇ»=K B_:abmqZvzfm s    fnmZUczv»:Qknzcr'ZDQce
s abrjwDcrjr'alknmrU  Labmfebebuq»  Z}mkh'ZohjWfihGfpz'ZvelabY[almfqz'u§qZUzr'alknm kqhjWZ¡pzjZvr'ZUm*hHz'Zrcehr®fppZvfqz'Z s





  <  S¸ 	  ´  ´ i¹ ´  ´ ¹ ´ v&@¹ ´ Ï¹
@- ´ ¹  8 Zjkzr
h®zjZvwvfeberknY[ZowUebfnr'r'agwUfe
mkh'abkqmBrªfqBknc-hkqz s ZUzjZ s r'ZDhr0fm s z'Zra s cfh'Z s YHfprv   Z,rjf=u3h'Wfh0fSpfqzhjabfqelebuHkqz s ZUzjZ s rZUh
(S,≤)agre"M 01	 a"fm:uorcrZUh
X ⊂ S
WfnrfHebZvfqrhcppBZvzkqcm s f s ZUmkh'Z s :u ∨X i  r=±m}pfz'h'agwDcebfqzv»
S
WBfqr®khjW f£Y[abmalYHfqe f Bkqhh'knY i ZUebZUY[Zvmnh ⊥S s ZUmkqh'Z s βS Z*cfeh'k ∨∅ »fqm s f£YHfx:abYHfef h'knp i ZUebZUY[ZUm*h >S s ZUmkqh'Z s τS  WagwW abr,Z *cfehjk ∨S  _:abmwDZ[hjWZ®qzjZvfh'Zr
h]elk  ZUz]kqcm s kªfr'ZDh
X
wUfqm Z s Z1kBmZ s :u




_-ZUZ f ¼ªalzg:Wk < E\*»czjZUabel¯! *fqwUkh'abm #	)0s < EN?(2»¼ªebunhjW¢fm s  nfqmk  alh'« < E H  i QkqzY3knz'Z s ZDhfabebrknm¤knz s ZUzjZ s fqelnZUzfagw8r
hjz'cwDh'czjZvr0fqm s z'Zra s cfh'abkqm 
yRy Ôz*{1|[|[}






fqz'Z,knz s Zvz'Z s r'ZDhrU»  Ztrjf=uHhjWfihf[YHfqp f : S → T agrl!1$e	 e]ahjWZUzjZZUx-abrhjr0f3YHfp
f ] : T → S
r'cwW¤h'Wfh
f(s) ≤ t ⇐⇒ s ≤ f ](t) ,f  i
 WabwW¡Y[Zfmrh'WfhQknz8fqele t ∈ T »Bh'WZ[r'ZDh]kr'cr'kqebc-h'abkqmrv» {s ∈ S | f(s) ≤ t} WfnrfYHfix-alYHfqeZvelZvY[ZUm*hv»
f ](t)
 %=ºh,agrmkh s a ®wUceh]hjkGr'ZUZSh'Wfh
f
abr8zjZvr'a s cBfih'Z s al
»!fm s kqmeluoal
»ah,agr8Y3knmkhjkqmZ
f aÇ  Zq  s ≤ s′ =⇒ f(s) ≤ f(s′) i »Bfm s
f ◦ f ] ≤ IT , f
] ◦ f ≥ IS ,f 2 i
 WZUzjZ IX










	0kqz s ZUzjZ s r'ZDh»:Qkqz  WagwW x op≤ y ⇐⇒ x ≥ y  "cZ8h'k3h'WZ,r'u:Y3Y[ZUh'zjuHk!hjWZs Z1kmabm[pzjkqpZUz'h
u f  i »-alh0abr0wUelZfz.h'Wfh f : S → T agrzjZvr'a s cBfih'Z s al
»fm s kqmelu®al
» f ] : T op → SopagrtzjZvr'a s cfihjZ s    WZvm
S, T
fqz'ZwUkqY[pebZDhjZ®kqz s ZUzjZ s r'ZDhjrv»h'WZvz'ZabrSf}rabY[pelZGwWfzfqwDh'Zvz'ab«vfh'abkqm¢kq
zjZvr'a s cfihjZ s YHfqprU   Z[r'f=uGh'WBfih,fY[kqmkh'knmZdYHfqp





f(∨U) = ∨ f(U)
»  WZvz'Z f(U) = {f(x) | x ∈ U}   =±m§pfqzhjabwUcebfqzv»  WZUm U = ∅ »  ZGqZUh
f(βS) = βT
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f : S → T




f ] : T op → Sop
agr0wDknmnhjalm:ckncrv»  WabwWGY[Zvfqmrh'WBfihv¥





»-h'knqZUh'WZvz  ahjW f 2 i »  Z]Zfqr'alebu®qZUhh'Wfh
f ◦ f ] ◦ f = f ,f ?qf i
f ] ◦ f ◦ f ] = f ] ,f ?i i
f ] ◦ g] = (g ◦ f)] ,f ?w i
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»Bz'ZrpZvwDh'abqZUebuq   Zdr'Wfebe@f s kqp-h0hjWZdcBrcfqe@wUkqm:qZvmnhjalknmrv»fm s  zjahjZ,QkqzalmBr
hfmwUZ ababmrh'Zf s kq
a ⊗ b
 Gm a s ZUY[pkh'Zvm*htY3knmkqa s
(S,⊕, ε)
wUfqm¢ZHZ*cabppZ s  ahjW¢hjWZj	/!knz s Zvz
zjZUegfihjalknm»
a ≤ b ⇔ a ⊕ b = b
»Qkqz  WagwW a ⊕ b = ∨{a, b} fqm s ε = βK
   Z}r'f=u h'WBfih[h'WZ
r'ZUY[abz'abm
K




a : K → K
»
LKa (x) = ax
»







G f z'abqW*h i K ¯!$##",
"-Z/0 X agrf£wUkqY[Ydc-hfihjalnZ}Y3knmkqa s (X,⊕, ε) »Z*cabppZ s  alh'Wf YHfp
X ×K → X
»
(x, λ) → xλ f z'abqW*hfqwDh'abkqm i »-h'Wfhr'fh'agr kZr
x(λµ) = (xλ)µ ,f nf i
(x ⊕ y)λ = xλ ⊕ yλ , x(λ ⊕ µ) = xλ ⊕ xµ ,f  i
xε = ε , ελ = ε , xe = x ,f qw i
Qknz3fqele
x, y ∈ X
»





abr3a s ZUY[pkhjZUm*h f alm s ZUZ s »alhQknelebk  r,QzjkqY f  i fm s f qw i hjWfih x = xe = x(e ⊕ e) = xe ⊕ xe = x ⊕ x i  &VWZmkqh'abkqm&kqebZD°h
K
¯±r'ZUY[alY[k s cebZ®agr s Z#kmZ s£s cfebebuq oVWz'kncqWkqc-h,hjWZ®pfqpBZvzv»febeh'WZ¤r'ZUY[alY[k s cebZvr,h'Wfh  Z
r'WfqelewDknmr'a s Zvz  abebeZ[kiqZvza s ZUY[pkhjZUm*h]r'ZUY[abz'abm*rU   ZHrWfqelefqebr'k¤wUkqmr'a s ZUz K ¯ # $1#"Y




¯ºagrZvY3abY[k s cebZ,akqmZ8hfgqZ,fnrelZU°hfm s z'abqW*hfqwDh'abkqmrªhjWZtr'ZUY[alzjabm[pz'k s cBwKh






















¯±rZvY3abY[k s cebZvrªfm s
wUkqY[pebZDhjZ
K
¯ºagrZvY3abY[k s cebZvrfqz'Z s Z#kmZ s abm}f3r'abY3abegfz  f=uq K=±mGh'WZtr'Z*cZveÇ»fqeler'ZUY[abY[k s celZr  abele
Z,zjalnWnhr'ZUY[abY3k s celZrU»-cmelZr'rkqh'WZvz  agrZ,r'pBZwDa0kZ s  














abrZ ncalppZ s  alh'WGh'WZ
f ss alh'abkqm
(a, b) 7→ a⊕ b, (a⊕ b)(i) = a(i)⊕ b(i)
»-fm s h'WZ]fqwDh'abkqm
(a, λ) 7→ aλ, (aλ)(i) = a(i)λ
»
Qknzfebe
a, b ∈ KI , λ ∈ K
 .¼ªuGwDkqmBra s ZUzjabm3h'WZdfnwKhjalknm








»*ZUnk(gqZ s alm®h'WZalm*h'zjk s cwDh'abkqm»*abr.fm®ZUxfY[pebZkf,QzjZUZwDkqY[pebZDhjZzjalnW*h
Rmax









»  ahjWhjWZ]pBknalm*h  agrZ
r'cpzjZUYScYfqr
⊕
knpBZvzjfh'abkqmGfm s h'WZ,wDknm:qZUm*hjalknmfeNf ss ahjalknm¤kq@f3z'ZfeNwDkqmBr
hfm*hfnr f ebZD°hk!zjabqW*h ifnwKhjalknm VWabrrZvY3abY[k s cebZ f h'Wfh  Z,zjZDQZvz0fqr F QknzrWknzh0abmGh'WZtr'Z*cZve i agr0wDkqY[pebZDhjZq 
=±m}f[wDknY3pelZUh'Ztr'ZUY[alY[k s cebZ
X








](x) = >{y ∈ X | yλ ≤ x} .f E i
yfqzjfqpWzfqr'almdh'WZ s Z1kmalh'abkqmokq@zjZvr'a s cBfih'Z s YHfqprU»
xλ ≤ y ⇐⇒ λ ≤ x\y ⇐⇒ x ≤ y/λ .f <  i
yRy Ôz*{1|[|[}
  r/ Z1 U	 ** Me1[	 
/e^	r1[!r(!	
VWZ8zjZvr'a s cfihjalknmQknz'YSce  f 2 i » f ? i fm s f H i u:abZUe s
x(x\y) ≤ y , (x/λ)λ ≤ x ,f <(< f i
(x\y)λ ≤ x\(yλ) , x(λ/µ) ≤ (xλ)/µ ,f <(<  i
x\(xλ) ≥ λ , (xλ)/λ ≥ x ,f <N< w i
x\(∧Λ) = ∧(x\Λ) , (∧U)/λ = ∧(U/λ) ,f <N< s i
x(x\(xy)) = xy , ((xλ)/λ)λ = xλ ,f <(< Z i
x\(x(x\y)) = x\y , ((x/λ)λ)/λ = x/λ ,f <N<  i
λ\(x\z) = (xλ)\z , (x/µ)/λ = x/(λµ) ,f <N<  i
(∨U)\y = ∧(U\y) , x/(∨Λ) = ∧(x/Λ) ,f <N< W i
Qknzfebe





»  WZUzjZ (U\y) = {u\y | u ∈ U} »qfm s x/Λ = {x/λ | λ ∈ Λ}  Labmfebebuq»ial
X
agrfabr'ZUY[abY3k s celZfm s






:u f ?w i »-hjWZUabz0zjZvr'a s cBfih'Z s YHfqpr0wDknY3YSc-h'Zn»  WagwW¤Y[ZfmrªhjWfih
(ν\x)/µ = ν\(x/µ) .f <  i
_-almwUZ8h'WZvz'Z,agrmk®fYSabqcalh
uq»  ZtrWfqeler'abY3pelu  zjalh'Z ν\x/µ Qknz f <  i  
¤´ 	&-    kqh'Zh'Wfh f Enf i agr s cfenk-hjWZ s Z#kmalh'abkqm f ?-  < i abmJ!ahj*abmki-1	70sihjWZegfih'h'ZUz@z'Z *calzjZvrhjWZ,fqrjrcY3ph'abkqm¤h'Wfh0h'WZ,fqwDh'abkqmGkqZvwDh'knzjrªkqmorjwUfegfzrªr'fh'agr kZr
x(∧λ∈Λ λ) = ∧λ∈Λ(xλ)
^r'ZUZJ!ahj:almki #	C0s f    f \  H i!i  WabwW¤abr  zjah'h'ZvmQknzªzjabqW*hªfnwKh'abkqm¤k!nZvwDh'kqzr.kqm¤rjwUfqebfqzjr"^  WZUzjZvfnrU»abm h'Wagr[pfpZUz»  Zor
hjabweg hjkhjWZoY[kqzjZ¤mfh'czfe0fnr'r'cY[p-h'abkqm§h'Wfh[h'Wagr[pzjkqpZUz'h





  2    ¸  Ï ´  ´ 	  	 ¸ ¹











Xop  ahjWcm s Zvz'ebu:alm§rZUh X »f ss alh'abkqm (x, y) 7→
∧{x, y} f h'WZ ∧ agrQkqzh'WZmfihjczfeknz s ZUz"kq X i fm s elZU°hªfqwDh'abkqm K×X → X » (λ, x) → x/λ   LkqzwUebfqz'alh
uq»  Zr'Wfeber'kqY[ZDhjalY[Zr s ZUmkh'Z0:u (λ, x) 7→ λ op· x = x/λ h'WZebZD°hªfqwKhjalknmSkq Xop  VWfh Xopagr0f[rZvY[alY[k s cebZ]Qkqebelk  rªQzjkqYQkqzjYdce  f <(< s i » f <N<  i »fm s f <(< W i  X=±mopfz'h'agwDcebfqzv» f <N<  i u:abZUe s r
(λµ)
op
· x = x/(λµ) = (x/µ)/λ
= λ op· (µ op· x) ,f < 2 i
Qknzfebe
λ, µ ∈ K
fqm s
x ∈ Xop
»  WabwW®r'Wk  r  W:u Xop YScr
h.BZ8wDkqmBra s ZUzjZ s fnr"f-0 e	BzfihjWZUz"h'Wfqmfq[b a	r'ZUY[abY3k s celZn ,=±m s ZUZ s »@wDknmr'a s Zvz'abm
(x, λ) 7→ x/λ
fnr,fzjabqW*htfqwKhjalknm  kqce s z'Z ncalzjZdhjWZ
pz'knpBZvzh
u[ru:Y[Y[ZDhjz'agwUfqeBhjk f < 2 i h'k3Wkne s »*hjWfihabrv»::u f nf i » x/(λµ) = (x/λ)/µ »:c-hh'WagrªpzjkqpZUz'h
umZUZ s mkqhWkqe s QknzfHrZvY[alY[k s cebZ
X












h'WZ,zjZvr'a s cfihjZ s kqpZUzfih'abkqmBr.calelhQzjkqY
op
·
»  Z]qZUhªQzjkqY f <  i »
λ
op
\ x = (LX
op
λ )
](x) = ⊥{y ∈ X | y/λ ≥ x} ,
= xλ ,f < \nf i
x
op
/ y = (RX
op
y )
](x) = >{λ ∈ K | y/λ ≥ x} ,
= x\y .f < \q i
 nm f < \nf i abrfmGalm:qknelch'ab*alh
upz'knpBZvzh
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PV : X → V, PV (x) = >{v ∈ V | v ≤ x}
f h'WZelZfqrh.cppBZvz.kqcm s k {v ∈ V | v ≤ x} ZUebkqmnrh'k,hjWZ8r'ZDhªBZwUfqcrZ V agr.wUkqY[pebZDh'Z i  VW:crv»
PV
agrªh'WZ]zjZvr'a s cBfih'Z s YHfpGk@h'WZtwvfmknmagwUfeabmi{
ZvwDh'abkqm
iV : V → X
 "_:abmwDZ
i2V = iV
»-cr'alm f ?w i » Z®nZDhthjWfih P 2V = PV »"fm s r'abmwDZ iV abrSalm{














  ´:¸  ´ 	"! f y"zjk{
ZvwDh'knzrLkqzjYdcegf i  & V  $Y e")0#	,$[1$#1"Y








PV (x) = ∨
w∈W
w(w\x) .f < ? i









»  WabwW»-:u f <N< f i »abrebZvrjrªh'WBfm x  "VWagr0pzjkiqZr f < ? i  




ZvwDh'knzfqppZvfzjZ s abm f |}kqebebZUz < Enq i  
   ¸  ¸  Ï  ¸ )( f cBfe!wWfqzjfnwKhjZUzjal«fih'abkqmkh'WZ,pzjk{






PV (x) = ⊥{z ∈ X | w\z ≥ w\x, ∀w ∈ W} .f <  i
r!Z 1s_-almwUZ
w\z ≥ w\x ⇐⇒ z ≥ w(w\x)
»h'WagrQknelebk  rªQz'knY f < ? i  
yRy Ôz*{1|[|[}
<   r/ Z1 U	 ** Me1[	 
/e^	r1[!r(!	




alm*hjz'k s cwUZ s fih xfY[pebZ®Gfm ss abrjwDcBr'r
hjWZtfppelagwUfh'abkqmGkpz'Zv:alkncrªz'ZrcelhjrabmGh'Wagrr'ZvwDh'abkqm  Labzjrh0kfebeÇ»-knrZvz'nZhjWfih






 alh'Wdh'WZwDknm:qZUm*hjalknmtWZUzjZ"hjWfih +∞−∞ = +∞ f rabmwUZ.abmSfqm*u,wUkqY[pebZDh'Zªa s ZUY[pkh'Zvm*hr'ZUY[abz'abm S »
βS\βS = τS\τS = τS i   1Gr'r'cY[Zmk  hjWfih U abr.f,h'knpBknelknqagwUfqeqZwKh'knzr'pfqwUZfm s wUkqmr'a s ZUzh'WZ8wDkqY[pebZDhjZr'cr'ZUY[alY[k s ¯celZ
V




























 WabwW[agr"mkqh'Wabm,c-h.h'WZkqppknr'ahjZ0kh'WZdLZUmBwWZUeh'zfmrQkqzjY f∗ kq f Zv=fqelcBfih'Z s fih w    *m f < ? ihjWZUmou:abZUe s r














 Labmfebelun»  nm f <  i rjf=u-r8h'Wfh,h'WZHe²  rv  w !wUkqm:qZUx¡W*cele"kq f abr,h'WZHebZvfnr
h,QcmBwKh'abkqm g abm F rcwWhjWfih
g∗
agrelZr'rhjWfm!»-kqz0Z*cfqeNh'kB»
f∗ f pkqabm*h  abr'Z i  2      ´ =  ´ -i- ¸   ´:¸  ´ 	




∀v ∈ V, v\PV (x) = v\x ,f <H f i

x ∈ V ⇐⇒ x\PV (x) = x\x .f <H  i
_:ZvZUabm
y\x
fnrf $'rjwUfegfzpzjk s cwKh &»  nm f < H f i rjf=u-r!hjWfihhjWZqZvwDh'knz (x, PV (x)) agr $
knzhjWkqnkqmfqe'&hjkhjWZ0rZvY[alY[k s cebZ
V







crh'a0kZ s abm '\ 
r!Z 1s_-almwUZq»:u s Z#kmalh'abkqm»Bh'WZ
⊥
alm f <  i BZvelknmnr0h'k®hjWZdr'ZDh»  ZtWf=qZ]hjWfih v\PV (x) ≥ v\x »QknzHfebe
v ∈ V
  Dr'abm






un»  WagwW&rWk  r f < H f i   =º x ∈ V »@h'WZvm PV (x) = x »fqm s x\PV (x) = x\x »h'zjab*agfebebuq @.knm:qZUzr'ZUebuq»-al
x\PV (x) = x\x
»  ZtWBf=qZq»*u f <  i »hjWfih PV (x) ≥ x(x\x) »5fm s »B:u f <(< Z i »Bh'WBfih
x(x\x) = x
»  WabwW}r'Wk  r.h'Wfh PV (x) ≥ x
 ._:abmwDZ
PV (x) ≤ x


























¤´ 	&-    VWZ[rZvpfzfihjalm¤r'ZDh
H = {v ∈ V | v\PV (x) = v\x}
abr]fGrZvY[alY[k s cebZq %=±m s ZUZ s »
:u f <(< W i ahagrrhjfelZ]:uf ss ahjalknm}fm s f <N<  i r'Wk  r.h'WfhahagrrhjfqelZ]:urjwUfqebfqzfnwKhjalknm 





  	  ´    Lknzh'WZ0r'ZUY[alY[k s cebZ
F
alm*hjz'k s cwUZ s fih xfY[pebZfqm s hjWZ0rcrZvY[alY[k s cebZ
V
kq
e²  rU  w qwUkqm:qZUxtQcmwDh'abkqmrqZvmZUzfihjZ s *udh'WZr'cr'ZDh
W
kqNwUkqm*h'abm:ckqcr"elabmZvfqzQcmwDh'abkqmr.fqr s agr'wUcrjrZ s
fh xfY[pebZ H »-h'WZSZ*cfqelalh
u f < H f i f zjZvrh'zjagwKh'Z s h'k v ∈ W fqr0knr'ZUzjqZ s abmoh'WZtpz'Zv*abkqcBr0z'ZvYHfzg ikqNh'WZ]_:ZUpfqzjfh'abkqm®VWZvkqzjZUY+r'f=u-rhjWfih.h'WZ5LZvmwWZUeh'zfmrQkqzjY+kfm:uSQcmwKhjalknm
f
wDknalmwUa s Zvr  alh'W




ifqelcZr f almohjWabregfihhjZUz8wUfqr'Zq» f\f = +∞ i  MJZDhcrpch8fqr'a s Z,h'Wabrrabmqcebfqzr'alh'cfh'abkqmqkzjrhv ®VWZUm f < H  i rjf=u:rhjWfih f wDkqabmwUa s Zr  ahjW ahr,eÇ  rv  wq wDkqm:nZDx¡W:cebefihdfqelepkqabm*hjr]alfqm s kqmebu®alalhabrahrZveeÇ  rv  wq wDkqm:nZDx5 =±m¢h'WZ3rabmqcebfqzwUfnrZn»fqm s fqwvwDknz s abmHhjk f < H  i » f abreÇ  rv  wq wUkqm:qZUx¤al.fm s kqmebu¤al f\PV (f) =
infu∈U
(









−∞ + ∞ = +∞  WagwW fqppebalZr]WZUzjZq»h'Wagrtr'Wk  rh'Wfh f(u) = +∞ abY3pelabZvr]hjWfih
PV (f)(u) = +∞
  Bmh'WZkqh'WZvz¤Wfqm s »a
f(u) = −∞
»hjWZUm
PV (f)(u) = −∞
Zvwvfcr'Z
PV (f) ≤ f
pBknalm*h  agrZn )Lalmfqelebuq»abm¢febewvfqr'Zvrv»  ZtWf=nZtz'ZfqwWZ s h'WZ3wDknmwDebcr'alknmoh'Wfh f <H  i r'f=u-rhjWfih
f
wUkqabmwDa s Zr  alh'WGalhjre²  rv  wq wDknm*nZDxHW:cebefih0febepkqabm*hjralfqm s knmebuHaah0agrahrZveeÇ  rU  w -wUkqm:qZUxN 
VWZ $'rjwUfegfzpzjk s cwDh &
y\x
r'ZUpfqzjfh'Zr.pkqabm*hjrv»abmhjWZ]Qkqebelk  abmHr'ZUmr'Zq¥
   ¸  ¸  Ï  ¸    f _-ZUpfqzjfh'abkqmGk@yknalm*hjr i  &  X  $\ e")0#	  K ^$##",
"-./0 	W*# 1 

x, y ∈ X













Labmfebebuq»  Z8mkqh'Zh'Wfh0fqelehjWZ8fqBkinZzjZvr'celhjrªWf=qZ s cfqenZUzrabkqmBr"QknzhjWZ,rZvY3abY[k s cebZ Xop ¥h'WZUufqz'Z s Zvz'abqZ s z'Zf s abeluQz'knY  nm f < \ i  uLkqzalmrhjfqmwDZn»al V ⊂ Xop agrfHwUkqY[pebZDhjZdrcrZvY[alY[k s cebZq» Z s Z1kBmZ
P opV (x) = ∨
op{v ∈ V | v
op
≤ x}
= ∧{v ∈ V | v ≥ x} ,f < E i
 WZUzjZ ∨op = ∧ s ZUmkh'ZrhjWZ[elZfqrhcppBZvz8kqcm s fnr'r'k-wDagfihjZ s  alh'W op≤ »fm s h'WZ s cfqenZUzrabkqm}kqVWZUkqzjZUY[zjZvf s rv¥




∀v ∈ V, P opV (x)\v = x\v ,f qqf i
x ∈ V ⇐⇒ P opV (x)\x = x\x .f q i
yRy Ôz*{1|[|[}
<   r/ Z1 U	 ** Me1[	 
/e^	r1[!r(!	
=±mGh'WZtr'fqY3Z  f=uq» s cBfebal«valm f <  i »  Z8nZDh0hjWZ8Qkqebelk  abmHrZvpfzfihjalknmpzjkqpZUz'h
u[Qkqz0pkqabm*hjrv¥
(∀z ∈ X, z\x = z\y) =⇒ x = y .f  < i
¤´ 	&-    =ºhabrmfh'czfeNhjk®fqr!g  WZDhjWZUzh'WZ,pzjk{
ZwKhjkqz






























 "¬k  ZUqZvzv»nalmh'WZ]r'pBZwDagfe5wUfnrZ  WZUm V agrfdwDknY[pelZUh'Z]rcrZvY[alY[k s cebZkq
X






r'cprv»  WZvz'Zfqr PV
mZUZ s mkh0Wf=qZ8hjWabrpz'knpBZvzh
un 
 Z[mk  s Zvz'abqZdQz'knY VWZUknz'ZvY>2\¤fG¬fqWm-¯±¼fmfnwW}h'WZvkqzjZUY Qkqz,wUkqY[pebZDh'Z[wDknm:qZDx¡r'cr'ZDhrU»
abm¤h'WZtr'pabz'alh0k f @.kqWZvmt#	C0sqn i    Ztr'f=u[hjWfihf[r'cr'ZDh C kqf3wDknY3pelZUh'Ztr'ZUY[alY[k s cebZ]kiqZvzfwDknY3pelZUh'ZorZvY3a0kZve s
K





∨i∈I αi = e
»  Z,Wf=nZhjWfih ∨i∈I αixi ∈ C
 
VWZUkqzjZUY[WBfqr0fmGabY3Y[Z s abfh'Z,ZUx*hjZUmr'abkqm¤h'kHwDknm*nZDxr'ZDhrU 










 	W*# #  *  
v\x ∧ e = v\y ∧ ν , ∀v ∈ C ,f qqf i










v(v\x ∧ e) .f (2 i
r!Z 1s5@.knmr'a s Zvzh'WZtwUkqY[pebZDhjZ
K
¯ºr'ZUY[abY3k s celZ
Y = X ×K















(x, e) 6∈ V
»Bfm s fppelu:abmHVWZUknz'ZvY »  Z]Wf=qZh'Wfh
(v, e)\(x, e) = (v, e)\PV ((x, e)), ∀v ∈ C .



















(v, e)(v\x ∧ e)
f rabmwUZ (a, λ)\(b, λ′) = a\b ∧ λ\λ′ i »-h'WZ,pz'k:kq@agrwDknY3pelZUh'Z s  
¤´ 	&-   ( BrZvz'nZ8h'Wfha
x ∈ C
»hjWZUm


















 )=±m s ZvZ s »5r'ZDh'h'abm
PC(x) = yν
−1 f  WZUmZvqZUzhjWagr0ZDx-pzjZvrjrabkqm¤abr s Z1kmZ s i »h'WZ,abYHfqZ]kq C :u PC agr C fqm s PC ◦ PC = PC   WZvm
ν
agrmkqhalm:nZUz'h'abelZ f abm Rmax »hjWagrY[ZvfqmrhjWfih ν = ε r'almBwDZ ν agr0mkqhqzjZvfh'Zvzh'Wfqm e i » Zrh'abele s kdWf=qZfdrZvpfzfihjalmdZ*cfihjalknmHc-hªahrabm*h'ZUzjpzjZDhfih'abkqmHabmHhjZUzjY[r.kpz'kq{
ZvwKhjalknmHkqm*h'k C abrY[agr'r'abm VWagrWfppBZvmrªalmGh'WZQknelebk  abmSZUxfY[pebZq¥ X = K = Rmax fm s C = (−∞, +∞]  VWagr
C
agrwDkqY[pebZDhjZ0wDkqm:nZDxtc-h"mkh"wDebknr'Z s alm3hjWZ0cr'cfe:hjkqpkqebkqqun   ZvqZvzhjWZUebZvrjrU»h'WZ0pzjZU:abkqcr@hjWZUknz'u
rh'abebefqppebalZr.fqm s  Z8wUfqmrZvpfzfihjZ x = −∞ Qz'knY C   @ªfqebwUcebfh'abkqmr.rWk  hjWfih y = ν = −∞ fqm szjZUegfihjalknmr f n i wUfqm¤ZtwWZvwegnZ s h'k[Z]h'zjcZq 2  2  G´  ´ i  ´ ¹  Q ´ = @ ¸v´ q  ´ 	 ´ U Ç @.knmra s Zvz
dH : X × X → K
s Z#kmZ s :u
dH(x, y) = (x\y)(y\x)
 -BBrZvz'nZth'WBfih
dH(x, y) = dH(y, x)






wUfm/Z}h'WkqcnWnh®kq]fnr[h'WZ}kqppknr'ahjZ}k,fmf ss ahjalnZ}qZvzjr'alknm kqhjWZ¡¬abebBZvzh
pz'kq{
ZvwKhjalnZY[ZUh'zjabwq¥h'Wagr0agrªh'WZ,YHfp












n    WZvm x, y ∈ Rn »
dH(x, y) = min
1≤i,j≤n
(xi − yi + yj − xj) = −δH(exp x, exp y) ,
 WZUzjZ exp kqpZUzfihjZvr0wUk*knz s almfh'Z  abr'Zq 
  ´:¸  ´ 	      *"-
dH






	 # 1 K  $	e","Y/		  
dH(x, z) ≥ dH(x, y)dH (y, z) ;¯ N 
	 1 [$e$	
dH (x, y) = e ⇒ x = yλ, λ ∈ K ,¯' *$e
	  1 [$e$	
dH(x, y) ≤ (x\x)

dH(x, y) ≤ (x\x) ∧ (y\y) #
*#
K
 $	e","Y/		  .s
r!Z 1s
yRy Ôz*{1|[|[}






:u f <(<  i fm s f <N< f i  ¯HZ1kBmahjZUmZr'rv¥"al
dH(x, y) = e
 Z]Wf=qZh'Wfh





(x\y)(y \x) ≤ (x\(y(y\x)) ≤ x\x .
=±mwDkqm:nZUm*h'abkqmfqe "cBwDeba s Zfm rpfnwDZrU»Bh'WZ3pzjk{
ZwKh'abkqm}kq.f®pkqabm*hknmnhjk¤f¤rcBrpfnwDZSY3abmabY[al«vZvrh'WZ













 #  *  ,	
	 dH (x, v) ≤ dH (x, PV (x)) s
r!Z 1s
dH(x, PV (x)) = (x\PV (x))(PV (x)\x)







≥ x\(v(v\x)) , ∀v ∈ V
≥ (x\v)(v\x) , ∀v ∈ V (
*u f <(<  i i
= dH(x, v) , ∀v ∈ V .
  	  ´   BmwDZGf*fabm  Z®zjZDhjcz'm hjk¢kncztÏf=nkqzjahjZHalebelcBr
hjzjfh'abkqm s Zr'wUz'abBZ s fih xfY[pebZvrS
fqm s H   Lknzh  kSQcmwDh'abkqmr f fm s g abm F »  Z,wDknmra s Zvz
















wUkqmrhjfqm*hwUfqm¡BZ3f ss Z s hjkZUalh'WZUzQcmwKhjalknm  alh'Wknc-h8fZwKhjalmh'WfhifebcZn d=ºh8abrzjfh'WZvzf $±Qknz'Y
ÏfnwKhjkqz &.kBh'WZ s aZvz'ZvmwDZkqBhjWknr'ZQcmwKhjalknmrfnrZ s knmdhjWZ0rcY kh'WZYHfix-abY[fqe-qZvzhjabwvfe-fr'kqebc-hjZ
ifqelcZr,zjZvfqwWZ s *u¢h'Wagr s a NZUzjZUmwUZfkiqZHfqm s BZvelk  «UZvz'kB ¤VWZvm»VWZUkqzjZUY < }rjf=u-r8h'Wfhth'WZ
e²  rU  w wUkqm:qZUxoW:cebe"kq
f
agrv»!fY[kqmGfqelee²  rv  w wDknm:qZDxoQcmBwKh'abkqmBrU»@kqmZ  WagwWY[abmabY3ab«UZr8h'Wagr8QkqzjY













 VRS9P:   VWZ,*abZ  almGhjWZ (x, y) ¯ºpebfqmZ
2  \B    ·d¸ ¹  	 ´   ¸  ´  	  ´  ZSwDknmr'a s Zvz0h'WZdwDknm*nZDxGqZUmZUzfih'Z s *u¤pBknalm*hr
A, B, CkqwDk:knz s abmfh'Zvr








r'pfnwDZfqm s h'WZGwUkqm:qZUxagr s ZvpagwKh'Z s abm s fqz!g qzjZUu f mkqh'agwDZ¤ah[Wfqrth  k $fqm*h'ZUmmfqr &[Zvm s abm¢abm Afqm s
C
alm/f ss ahjalknm&h'kh'WZ¤pkqebu:qkqm  ahjW mknmZUY[p-h
u£abm*h'Zvz'abkqz i   LabqczjZh2abr[fz'ZvpzjZvr'ZUm*hjfh'abkqmabm h'WZ2q pz'kq{
ZvwDh'abqZ®r'pfqwUZ  WZUzjZ f f}QzjfqqY[ZUm*htk i h'WZGrcrZvY[alY[k s cebZ V ^ alm*h'zjk s cwUZ s abm@.knz'knelegfzju < ?¡^ qZUmZUzfih'Z s :u pBknalm*hjr
A, B, C f mk ) alh'WwUk*knz s almfh'Zr (0, 0, 0), (1, 3, 0) fm s
(3, 4, 0) i abrzjZUpzjZvr'ZUm*hjZ s  "VWZ]abm*h'ZUzr'ZvwKhjalknm¤kq@hjWagrrcrZvY[alY[k s cebZ  ahjWGh'WZ (x, y) ¯ºpegfmZ,agrhjWZwUkqm:qZUx¡z'ZvpzjZvr'ZUm*h'Z s abm\LabqczjZ®- HVWZ$wUu:elabm s Zvz &Sagr]pfqzjfqelebZUehjk¤hjWZHqZwKhjkqz
(1, 1, 1)
 Lalncz'Z3\




 Zmk  wDknmr'a s Zvz@pz'kq{
ZvwKhjalmh'WZªpkqabm*h M kBwUk*knz s almfh'Zr (−1, 0) f abm R2max i kqm*h'kh'WZªwUkqm:qZUxN G0wvwDknz s abmHhjk¤~0ZvYHfzg < »Bh'Wagr8pBknalm*hagr)kzjrhpz'kq{







¥dalm s ZUZ s »h'Wabrdabr]hjWZ $BZr
hdfqppzjk=x:abYHfihjalknm¡QzjkqY ZUebk  &
kq
M
:u¢fqm¢ZvelZvY3Zvm*h]kqhjWZHrcBrZvY3abY[k s cebZq [VWZ[z'Zf s Zvz8wvfm wWZvwegohjWabr,wUebfqalY *u}cBrabmGh'WZ













~0Zvebfh'abkqmr f q i u*abZUe s h'WZ]Qknelebk  alm
min(−1 − x,−y, 0) = min(−1 − x,−y,−1), ∀(x, y)
abmGh'WZtwUkqm:qZUx 
min(−1 − (−1), 0, 0) > min(−1 − (−1), 0,−1)  WZvmGfqppebalZ s h'k M .
yRy Ôz*{1|[|[}
<   r/ Z1 U	 ** Me1[	 
/e^	r1[!r(!	


























»  WZvz'Zfqrabm LalnczjZ,\»pkqabm*hjr Nfqm s
P
fqz'ZHebk-wUfh'Z s fh,h'WZrjfY[ZHpegfqwUZq¥,hjWagrtagrtfoqZvmZUzfeÏfnwKhtZvwvfcr'ZHmkqzjYHfebal«fihjalknm fqe  f=u-r






  alm h'WZonz'Zvu£«UkqmZGfhhjfnwWZ s h'k pkqabmnh C f fm s abm§hjWZ  WkqebZGpBk*ralh'abqZGkqz'h'Wfqm*h (x ≥
0, y ≥ 0)
fqr  Zvele i »*hjWZUzjZagrfdr'almnelZY[kiqZabm®hjWZ (x, y) ¯²pebfqmZq»*h'WBfihabrv»*h'WZ8pzjk{
ZvwDh'abkqmkqm*h'k3h'WZtrcBrZvY3abY[k s cebZtwDkqabmwUa s Zr  ahjWGh'Wfhknm*h'k3h'WZtwUkqm:qZUxrZUh 
  alm¦h'WZ}kh'WZUz[h  k nz'Zvu£«UknmZvrv»"hjWZUzjZ}fzjZofnwKhjcfebelu&h  k Y[kiqZvrv¥GkqmZ¡wvfcr'Z s *u§h'WZpz'kq{
ZvwDh'abkqm¢knm*h'k®hjWZHrcrZvY[alY[k s cebZq»NhjWZ[kh'WZUz]kqmZ3wUfqcrZ s :u}mknz'YHfebab«vfihjalknm Nh'Wabr
abr[YHfihjZUzjabfqelab«UZ s :u s kqhh'Z s ebalmZofqz'zjk  rtabmL@abqcz'Z} abm LabqczjZ¤\B»h'WZGegfih'h'Zvz3Y[kinZ
f wUfqcr'Z s :u®mkqzjYHfebal«fihjalknm i agrmkqh*agr'alebZ8Qkqz0zjZvfnrknmrfebz'Zf s uHZUx:pebfqalmZ s WZUzjZvfkiqZn 
•
abmHhjWZ  Walh'Z«UknmZvrk5h'WZpknr'ahjalnZkqz'h'Wfqm*hv»:fqrfqelzjZvf s udY[ZvmnhjalknmZ s »qhjWZY[kiqZr"fzjZfqe  f=u-r
knmZD¯ºpWfnrZ f a²  Zq Wknz'ab«Uknm*hjfe i :abmGh'WZ  Walh'Z,«vkqmZ  WagwW M BZvelknmnrªhjk»:hjWZ]QkqzjY[ZUzY[kiqZ8abrnZUz'h'agwUfqe f hjW*cBralh8wUfqmmkqhBZS*agr'cfebal«vZ s kqm LabqczjZd i fm s hjWZtegfihhjZUzknmZ f mkqzjYHfebal«fih'abkqm iagr f fqrZUnZUzju  WZUzjZ i febkqmSh'WZ kzjrh s agfnkqmfqeÇ Labmfebelun»ebZUqZverZUhjr8k"hjWZ[qZvmZUzfebal«vZ s ¬alebZUz'h]Y[ZUh'zjabw3fzjZSr'Wk  mfqz'kncm s pkqabm*h M alm¢h'Wk*rZkBqczjZvrv 





1$ .VWZ]qZUmZUzfe5ebalmZ]agr s Z#kmZ s :ufqm¤Z ncBfih'abkqmGkh'WZ]QkqzjY
ax ⊕ by ⊕ c = a′x ⊕ b′y ⊕ c′ ,
Qknzdr'kqY[Z
a, b, c, a′, b′, c′ ∈ Rmax
»@c-hSmkqhdfebe"hjWZwDk:Z HwUalZvm*hjrdfqz'Z[mZvZ s Z s  jLknztalmBr
hfmwUZq»h'WZ
ebabmZvr  ahjW&Z*cfh'abkqmr 2x ⊕ y = 1x ⊕ y ⊕ 3 fm s 2x ⊕ y = y ⊕ 3 »wDknalmwUa s Zq }|}kqzjZHqZvmZUzfebebuq»alh®agr[mkh s a ®wDcelh®h'k£r'ZUZGh'WBfihHh'WZUzjZofqz'Z
12
qZvmZUzjagw¤r'WfpZvr[kq8ebabmZvrv».fnrHrWk  m¦abmLabqczjZj?- =±m s ZUZ s »f3qZUmZUzjabwelabmZ,wUfqmZ s Z1kBmZ s :uHh'WzjZUZ8zjZvfe5m:cYSBZvzjr
a, b, c
pebcr0f$'rabqm&8alm-Qknz'YHfh'abkqm»
 WabwW/hjZUebebr®h'WZ ra s Z¡kq8hjWZ¡Z ncBfih'abkqmabm  WagwW/h'WZ wDknz'zjZvr'pBknm s abm£wDk:Z®wUalZvmnhrHagr s knY3abmfqmnh
f r'f=u $ ⊕ &¤Qkqz®h'WZ¡ebZD°h¤Wfm s r'a s Zq» $ 	 &¤Qkqz®h'WZ}zjalnW*hfm s r'a s Zn»0fm s f s kqh  WZUmwDk:Z HwUalZvm*hjrknm/Bkqh'Wr'a s Zr®fzjZoZ*cfqe i   Lknz®abmr
hfmwUZq»ªh'WZ¡elabmZ  alh'WZ ncBfih'abkqm ax ⊕ c = by ⊕ c wUfm/Zs ZUmkqh'Z s
L(⊕a,	b, ċ)
 8VWabrmkhfihjalknm¢wUfqm¡BZ{
crh'a0kZ s *uoabm*h'zjk s cwDabmHhjWZ$["Y"#	[  edYHfix:¯




wUfqmGZ  zjah'h'ZUmofqr0fqm¤Z *cfihjalknm x = x ⊕ y  
\B  S  
:)Vd4RQ7S 
N:;767Q96 R6 9T 9:4RP:d;
\B  <  	 ª¹    ´ ¹
@    Qi  ½8alnZUmof3wUkqY[pebZDhjZ8a s ZvY3pkhjZUm*hr'ZUY[alzjabm
K





h'knqZDhjWZUz  alh'WSfwDkqY[pebZDhjZ.ebZD°hr'ZUY[alY[k s cebZ Y Z*cabppZ s
yRy Ôz*{1|[|[}














































 alh'W¤ftzfqwegnZDh 〈· | ·〉 Qz'knY Y ×X h'k3fdwUkqY[pebZDh'Z K ¯ºagrZvY[alY[k s cebZ Z »*r'cwWHhjWfih»*Qkqz.fqele x ∈ X »hjWZ¢YHfqpr
Rx : Y → Z
»
y → 〈y | x〉
fm s
Ly : X → Z
»
x → 〈y | x〉
fqz'Z¡zjZvr'pZvwKhjalnZUebu
ebZD°h®fqm s zjalnW*h3ebalmZvfz»"fm s wDknm*h'abm*ckqcrv §VWZGY[knrhSÏfqY3abebabfqz[wWkqagwDZkq
Z










»  alh'W¡f ss alh'abkqm (x, y) 7→ ∧{x, y} »-z'abqW*hfqwDh'abkqm (x, λ) → λ\x »fm s ebZD°hfnwKhjalknm
























mkh'abkqm}agrabmr'pabz'Z s *uh'WZ s cfqe!pfqalzr  WagwW¡fzjabr'Z,abm}h'WZth'WZvkqzju¤kqhjkqpkqebkqnabwvfe5qZwKhjkqzrrpBfqwDZrU»
r'ZUZ f ¼.knczjfg:a < En\ i »:kqz Gebalpzfm*hjabr0fqm s ¼ªknz s Zvzv»@.Wfqp-h'Zvz)?-» f < E(ENE i  
  	  ´   VWZoz'abqW*h[rZvY3abY[k s cebZ
KI
Qknz'YHr[f s cBfe0pfqalz  ahjW§hjWZoelZU°h®rZvY3abY[k s cebZ KI
f Bkqh'W  ZUzjZ8abm*h'zjk s cwDZ s fh xfY[pebZd i »:Qknz0h'WZ]wvfmknmagwUfe5zjfnwegqZDh 〈a | b〉 = ∨i∈I a(i)b(i)  






Xop × X → Kop













Qkqebelk  r8QzjkqY f <N< s i » f <(<  i » f <(< W i »fm s f <  i   nm f <  i r'Wk  r.h'Wfh Xop r'ZUpfqzjfh'Zr X »fm s  *m f  < i rWk  rhjWfih X r'ZUpfqzjfh'Zvr Xop  G s aZvz'Zvm*h]ZUxfY[pebZdkªpzjZ s cfqe@pBfabz]fqz'agr'Zvr  WZUm wDkqmBra s ZUzjabm®hjWZ f h'knpBknelknqagwUfe i  X ′ k.fwUkqY[pebZDhjZ8r'ZUY[abY3k s celZ
X
»  WagwWagr.h'WZ,r'ZDhk!ebalmZvfz0wUkqm*h'abm:ckqcr.YHfpr y : X → K  "VWZ8r'pfqwUZvr
X ′, X
Qknz'Y f[pz'Z s cfqe5pfabz0Qkqzh'WZ,zfqwegnZDh








X f r'ZUZ "x-fqY[pelZl2nSZUebk  i  
  	  ´  @.kqmr'a s ZUzHf*fabm£h'WZ s cfe0pfqalz
(KI ,KI )
k "x-fqY[pelZ¡ <    alh'W/fm:u£ZUebZUY[Zvmnh
a ∈ KI














f alm s ZUZ s »Bal b, c ∈ KI fzjZtrcBwWoh'Wfh b(i) 6= c(i) Qkqzr'kqY[Z i ∈ I »Bh'WZ3abzjfnw]QcmwDh'abkqm¢fhpkqabm*h i »
δi ∈ (K
















»  Z s Z1kmZ]hjWZ,YHfprv¥
X → Y, x 7→ −x = >{y ∈ Y | 〈y | x〉 ≤ ϕ},
Y → X, y 7→ y− = >{x ∈ X | 〈y | x〉 ≤ ϕ} .








(−x)− ≥ x , −((−x)−) = −x, ∀x ∈ X ,f i\*f i
−(y−) ≥ y , (−(y−))− = y− , ∀y ∈ Y .f i\q i
r!Z 1s  Z,Wf=nZ
x ≤ y− ⇐⇒ 〈y | x〉 ≤ ϕ ⇐⇒ y ≤ −x .f (? i@.knmr'a s Zvz]mk  hjWZ[Y[fqpr ιl : Y → X, y 7→ y− fqm s ιr : X → Y, x 7→ −x   *m f (? i rWk  rhjWfih
ιl : (Y,≤) 7→ (X,
op
≤)
abr0zjZvr'a s cfihjZ s »  alh'W ιl] = ιr







fm s −x »zjZvr'pZvwKhjalnZUebuq   Zr'ZDh
X = {y− | y ∈ Y }
fqm s
Y = {−x | x ∈ X}
 














ιl : (Y,≤) → (X,
op






=ºh]Qknelebk  rQzjkqY f i\ i hjWfih (−x)− = x f z'Zrp  −(y−) = y i alªfqm s kqmebu}a x f zjZvr'p  y i abr,wUelk*rZ s »WZUmwUZq¥
   ¸  ¸  Ï  ¸   (   *h"-
x 7→ −x
 $U	





  #e$# y → y− s
yRy Ôz*{1|[|[}
q  r/ Z1 U	 ** Me1[	 
/e^	r1[!r(!	




f(∨U) = ∧ f(U)
fqm s





s ≤ s′ =⇒ f(s) ≥ f(s′)
 
r!Z 1s  Zxg:mk  febzjZvf s u}h'Wfh x 7→ −x agrdfqm&fm*h'alh'knmZ®a {
ZvwDh'abkqm QzjkqY X hjk Y  alh'W£abm:qZUzr'Z
y 7→ y−
  Ga {








»Bfqm s » s cfebelun»
µ/ν
fqz'Z  ZUebe s Z#kmZ s Qknz µ ∈ Zfqm s
λ, ν ∈ K
 +@.kqmBra s ZUzjabmdhjWZ,pzjZ s cBfe5pfqalz
(K, Z)
Qknzh'WZ,zjfnwegqZDh




   Z s Z1kmZ s cfebebu −ν = ϕ/ν  




! #0 $#e  	W*#
z\x = 〈−x | z〉− , ∀z ∈ X ,f qf i






LXx : K → X, µ → xµ
fm s














〈y|x〉 , ∀y ∈ Y , x ∈ X .
 k  »al x abrwDebknr'Z s »  ZtWf=nZ x = y− Qkqzr'kqY[Z y ∈ Y »a²  Zq b» x = L]y(ϕ)
 0¬ZUmBwDZq»
z\x = z\y− =
(LXz )




](ϕ) = 〈y | z〉−
»  WagwW[r'Wk  r f qqf i    Z0Wf=nZªpz'kinZ sabmopfqrjr'almSh'WZ]Qkqebelk  abm3a s Zvm*h'alh
uq»-hjWfih  Z8hjfcebfh'Z]QknzQczhjWZUz0cBrZn¥
∀y ∈ Y , z ∈ X , z\y− = 〈y | z〉− .f  H i
VWZ8pz'k:kk f q i agr s cfqeÇ 
\B  2  ´ ´   B´  ´ 	 Ï   
 0 Z]r'f=uSh'WBfih0fdwDknY[pelZUh'Za s ZvY[pBkqh'ZUm*h0rZvY[alzjalm
K
Z*cabppZ s  alh'W
f s abrh'abmqcabr'WZ s ZUebZUY[ZUm*h
ϕ
abrelZU°h f z'Zrp zjalnW*h i !u!]N  0al −(λ−) = λ f z'Zrp  (−λ)− = λ i »BQkqzfqele
λ ∈ K
  f VWZ,ZUebZUY[ZUm*h ϕ mZUZ s mkhZtcma*cZ abm s ZUZ s »al K agr0ebZD°hv»kqz0zjabqW*hv»zjZ1IBZDx-alnZ8Qkqz ϕ »fqm s a
λ
abrabm:qZUz'h'abebZq»-alh0abrmkqh s a ®wUcehhjk[wWZvweg[h'WBfih
K
agr0fegrk3elZU°h f kqz0zjabqW*h i z'Z#IZDx-abqZQkqz ϕλfqm s
λϕ




















   ¸  ¸  Ï  ¸     &
K
 $[b a	lu](    	W*# 	
h$1#	%  1_ $#e\#0#"#	$
X





















x = y− = L]y(ϕ)
QkqzHrknY[Z
y ∈ Y
  Dr'alm f ?w i fqm s hjWZoz'abqW*h[elabmZvfqz'alh





λ ◦ Ly =⇒ (R
X
λ )
















»rabmwDZn»@:u f q i » µ 7→ µ− = µ\ϕ agrr'czÇ{
ZvwDh'abqZq KDr'abm f ?w i fqnfabm» x/λ = L]y ◦ (LKµ )](ϕ) = (LKµ ◦ Ly)](ϕ) = L]µy(ϕ) = (µy)− »  WagwWr'Wk  r.h'WBfih x/λ ∈ X  










abrzjalnW*h f z'Zrp! -elZU°h i zjZ1IZUx-alnZq 
 Z,mZUx*h0ZUx:WalalhfSQcm s fqY[ZUm*hjfqewDegfqrjrk@zjZ1IBZDx-alnZa s ZvY3pkhjZUm*hr'ZUY[alzjabmnrv   Ztrjf=u[h'Wfhf f mknmmZvwDZr'rjfzjabelu8wDkqY[YSc-hjfh'abqZ i rZvY[alzjalmagr@f%$1#"Y +#0.aalhjrmknm-¯²«vZUzjkZUebZUY[Zvmnhr!WBf=qZfYdcelh'abpebabwvfih'abqZabm:qZvzjr'Zq  G wDknY[pelZUh'Za s ZvY[pBkqh'ZUm*hrZvY3abzjalm
K






 YLkqz8hjWabr]zjZvfnrknm»  Z[r'WfebewUfebe f abm fGr'elabqW*h'ebufqcr'alnZ  f=u i "M 0#	$#1"Y +#0]fHwUkqY[pebZDh'Z,r'ZUY[abz'abm K r'cwW¤h'WfhfebeZUebZUY[ZUm*hrZDxwDZvp-h ε fm s
τ
Wf=nZ®f}YdcehjalpebagwUfihjalnZHalm:nZUzrZn hLknzdabmrhjfmBwDZq»
Rmax = (R ∪ {±∞}, max, +)
agrdf}wUkqY[pebZDh'Z
r'ZUY[a0kZUe s  
   ¸  ¸  Ï  ¸     e")_1	 (#")*	#	u$##", C1_
K
 $Y!u]N   Y 




1 #  $# C %"--	  N,x
  #[	 10 ϕ s
r!Z 1sVWabrdQkqebelk  rdz'Zf s abebu¢QzjkqY −x = ϕx−1 » x− = x−1ϕ »Qknz x 6∈ {ε, τ} » −ε = ε− = τ »
−τ = τ− = ε
 































»5ZDxwDZvp-hhjWZSwUk*Z ®wDabZUm*hkqh'WZScmalhv»  WagwW¡abrZ*cfqe!hjk ϕK
   ZSfqebr'k s ZvmkhjZd:u
ϕnn ∈ K
n×n h'WZoYHfihjz'alx  Wknr'Z s abfqqkqmBfeZvm*h'zjalZrSfqz'Z¤Z*cfe.h'k ϕK




VWZtfqcm s fmwUZ8kqzjZ1IBZDx-alnZ8r'ZUY[abz'abm*r.agrr'Wk  mG*u®h'WZ]Qknelebk  alm,g:abm s kpz'knpBZvzhjalZrU 
   ¸  ¸  Ï  ¸    f V@zfmrQZUz0y"zjkqpZUz'h








   ¸  ¸  Ï  ¸     &
K
 $-!u!]N  h  
X, Y
1[" !e 












X = {y− | y ∈ Y }
agr]fGwUkqY[pebZDhjZ3r'cr'ZUY[abY3k s celZ[k
Xop




»  Z]nZDhv» ∀y ∈ Y, P op
X
(x)\y− = x\y− ,
fm s »cr'alm f  H i »
∀y ∈ Y, 〈y | P op
X
(x)〉− = 〈y | x〉− .f E i
_-almwUZ
K
agr.elZU°hªzjZ1IZUx-alnZq»**u f nf i » λ → λ− abr.alm{
ZvwKhjalnZq»fqm s »*crabm f (E i »  ZnZDh ∀y ∈ Y, 〈y |
P op
X









»  WabwW§r'Wk  rdh'Wfh x ∈ X   VW:crv»
X = X
 
½]fh'WZvz'abm3y"zjkqpknr'ahjalknmG3fm s y"zjkqpknr'alh'abkqmh2*dh'kqnZDhjWZUz  alh'W¤h'WZtr'u:Y3Y[ZUh'zjabwz'Zrcehh'k[y"zjkqpk¯
r'alh'abkqm'2n-»  Z]qZUhv¥
S¸  ¸  Ï- µ    &
X, Y
 $ht










  1e$# y 7→ y− +!Y	
^  $#"-a $["$, l0		 e[$ e1	 # e1 X  Y s
  ´:¸  ´ 	   f ¬fWm-¯±¼fmfnwWGVWZUkqzjZUYo»½8ZUknY[ZDh'zjagw5LkqzjY i * #	 X, Y N1 	  h !e *






 $Y e")0#	 Y$[[$##",
"-Z/0 # *$#-10#"-1U	$,!
 #0 $#e rx 
x
 $ #0 $#e +	
1
〈−PV (x) | v〉 = 〈
−x | v〉 , ∀v ∈ V ,f 2qqf i

〈−PV (x) | x〉 = 〈
−x | x〉 ⇔ x ∈ V .f 2q i
r!Z 1s)Drabm f qf i »  Z]z'Z  z'alh'Z8h'WZ,cmabqZUzrjfe5rZvpfzfihjalknmpzjkqpZUz'h
u f  nm <H i fqrv¥
∀v ∈ V , 〈−PV (x) | v〉
− = 〈−x | v〉− ,f 2 < f i
fqm s
x ∈ V ⇔ 〈−PV (x) | x〉
− = 〈−x | x〉− .f 2 <  i
_-almwUZ
K
agrªelZU°h0z'Z#IZDx-abqZq»:fqrªmkqh'Z s alm f qqf i » λ → λ− agrªalmi{
ZwKhjalnZq»-WZvmwDZn» f 2 < i abY[pelabZvr f 2q i  G  Zvf(gqZvzªrhjfh'ZUY[Zvmnh»  WagwW¤agr0Zfqr'alZvz.hjk[z'ZvY3ZvYdZUz»-abr0h'WZ]Qknelebk  alm 
S¸  ¸  Ï- µ  ! &
X, Y
 $hY9*
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e	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 f 2q i *0 $#s
\B  \B  ´  ´  ´ Nv- ¸  ¸    ´ - ¸  	§ Z.mk  r
hjc s u8h'WZ s cBfe*pfabz X » X ′  VWZ"Qknelebk  almzjZvr'celhwWfzfqwDh'ZUzjab«UZvrh'WZ,elabmZvfqzQkqzjY −x  
  ´:¸  ´ 	  ( * 1	
K




  e"M 01	 
K$##",





#/ (e # 
	W'
	$ e e 1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f ∈ X ′
abrr'cwWHh'WBfih
f(x) ≤ ϕ




 dVW:crv» −x(y) ≤ ϕ/(y\x)  dV@korWk  h'WfhhjWZ[Z*cfebalh
uWkqe s rU»5alhtrcHwUZvr8hjkor'Wk  hjWfih]h'WZHY[fqp g : X → K » y 7→ ϕ/(y\x) abr8ebalmZvfz,wUkqm*h'abm:ckqcr]fqm srjfihjabr kZr
g(x) ≤ ϕ
 }_:abmwDZ
g(x) = ϕ/(x\x) ≤ ϕ/e = ϕ
»@hjWZHegfihhjZUz3wDkqm s ahjalknm abrtrjfihjabr kZ s  h=º
K
abr8zjZ1IZUx:abqZn»h'WZ3YHfp
K → K, λ 7→ ϕ/λ
»  WagwW¢agr]fmfqm*h'al¯²agrknY[kqzjpWagrY kegfih'h'agwDZrU»r'ZUm s r
fqz'ahjzjfqz'u[abm-Ïrh'k®fqz'ahjzjfqz'uHr'cprv»fm s wDknm:qZUzr'ZUebu¥
ϕ/(∧Λ) = ∨(ϕ/Λ) , ∀Λ ⊂ K ,f 2nqf i
ϕ/(∨Λ) = ∧(ϕ/Λ) , ∀Λ ⊂ K ,f 2n i
f h'WZozjZvr'a s cfihjalknm§Z*cfqelalh
u f 2n i Wkqe s r[ZUnZUm§al8h'WZ}wDknY[pelZUh'Zoa s ZUY[pkh'Zvm*hrZvY3abzjalm K agr[mkhzjZ1IBZDx-alnZ i  KDrabm f 2n i »  Z,nZDhh'WBfih0Qkqzfqele V ⊂ X »
ϕ/((∨V )\x) = ϕ/(∧(V \x)) = ∨(ϕ/(V \x)) ,





g(yλ) = ϕ/((yλ)\x) = ϕ/(λ\(y\x)) ,
alh3r'c®wDZrthjk r'Wk  h'WBfih ϕ/(λ\α) = (ϕ/α)λ Wkne s rtQknz3fqele α ∈ K  &_:abmwUZ K agrdzjZ1IZUx-alnZq»  Zwvfm  zjalh'Z α = β\ϕ »  alh'W β = ϕ/α »NWZvmwDZn» ϕ/(λ\α) = ϕ/(λ\(β\ϕ)) = ϕ/((βλ)\ϕ) = βλ =
(ϕ/α)λ
 
S¸  ¸  Ï- µ    f X ′ rZvpfzfihjZvr X i  &  K  $5 e")0#	l(#"M	 1U	X!r]N  )$#1"Y
[













f ∈ X ′
»  ZdWf=nZtabm¡pfz'h'agwDcebfqzv» −x(x) = −x(y)  _-almwUZ
λ 7→ ϕ/λ,K → K
abr,abmi{
ZwKh'abqZn»  ZHqZUh x\x = y\x »!WZUmwUZ x ≥ y(y\x) = y(x\x) ≥ y » WabwWorWk  rªh'Wfh x ≥ y  ¼.uGru:Y[Y[ZDhjz'un» y ≥ x  
  	  ´   VWZ,Qknelebk  alm[wUkqcm*hjZUzjZDxfY[pebZtrWk  rªh'Wfhv»  WZUm K abr0mkhzjZ1IZUx-alnZq» X ′ mZUZ smkhrZvpfzfihjZ
X
 =±m s ZUZ s wUkqmr'a s ZUzh'WZ0r'ZUY[abz'abm
Nmax = {N∪{−∞, +∞}, max, +, 0,−∞}
 WagwW3abrwUkqY[pebZDh'Zn 




(x, λ) 7→ x + λ




»wDknmr'abrhjrªkqmelu¤k!hjWZ]h  kSQknelebk  abmSZvelZvY[ZUm*hjr,¥
<  
x ∈ X 7→ −∞

 
x ∈ X 7→ x + ∞
 
J!ZDh
φ ∈ X ′
fSebabmZvfqz0Y[fqpGfqm s elZUhcrfqrjr'cY[ZhjWfihalh0hjf(gqZr.knmebu-kmalh'Z,ifebcZrU "VWZvm
φ(p) = φ(p − n) + n ≥ n , ∀n ∈ Nmax ,
hjWZUzjZDQknz'Z










φ(p + n) = φ(p) + n = −∞  WagwWoalY[pebabZvr φ(x) = −∞ Qknzfebe x  
yRy Ôz*{1|[|[}












φ(p) = φ(p − n) + n = +∞  WagwWr'Wk  rh'Wfh φ(x) = +∞ Qknz,febe
x ∈ Z
fqm s
φ(−∞) = +∞−∞ = −∞  WagwWGwvfm®Z  z'alhhjZUm φ(x) = x +∞ Qknzªfqele x ∈ Nmax .VWZvm}h'WZSr'ZDh
Y = {N ∪ {−∞,∞}}
agrfrcBrZvY3abY[k s cebZdk











»  ZnZDh.fnr"fmHabY[Y3Z s agfih'Z8wDknz'knelegfzju,kVWZvkqzjZUY 2q»
fqm s @.kqzjkqebegfzju 2(2»@h'WZ®Qkqebebk  alm¡~alZr«®zjZUpz'ZrZvmnhfihjalknm¢hjWZUknz'ZvYG»  WagwW£ZDx:h'Zvm s r f Jalh':abmki 1	0sNn < »:VWZvkqzjZUY ?   i  
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 eU	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e 1["
f ∈ X ′e e%! [$##	 h $





x ∈ X # a ej$1	 $ C[$ f 2(2 i  $ 
#7	 f− s
 ZnZDhdfqrdf}ebfnr
h»@abY[Y[Z s agfihjZwDknz'knelegfzjuq»5hjWZHQknelebk  almGZUx:h'ZUmBrabkqm£kq f Jalh':almki#	 0sn < »VWZUkqzjZUY ?  2 i  




 $d e")0#	 M$[1$#1"Y
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V
*$% eU	
Ua$ ]N	#*$[ 	 
X
s
  	  ´   f @.kqY[pebZDhjZd_:ZUY[abebfhhjabwUZvr i  G+wUkqY[pebZDhjZ[r'cp-¯±r'ZUY[alegfih'h'agwDZ (X,≤) wvf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B = {ε, e}









x′ : X → {ε, e} WabwW¤pz'ZrZvz'nZfqz'alh'zfzju[rcpBrU XJZUh0cr.hjfgnZ ϕ = ε »*h'knqZDhjWZUz  alh'W¤h'WZ]zfqwegnZDh 〈x′ | x〉 = x′(x)
f fqr¤mkhjZ s almy"z'knpBk*ralh'abkqm 2q»h'WZ ¼ªk*knelZfmr'ZUY[abz'abm§WBfqrh'WZ ZDxwDZvp-h'abkqmBfeQZvfihjczjZ¢kSBZvalmzjZ1IBZDx-alnZHQkqz












u  fqrfebzjZvf s uHmkhjabwUZ s :u  fnmZUcz f < ENE <  i  
\B  ?    









Qknz'Y f[pzjZ s cfqepfqalz0QknzhjWZtzfqwegnZDh
〈y | x〉 = yAx
   ZtWf=nZ
y− = >{x | yAx ≤
ϕ} = (yA)\ϕ
»fqm sos cfqelebu¡» −x = ϕ/(Ax)  ¬ZUmwUZq»
X = {(yA)\ϕ | y ∈ Y } ,f 2\*f i
Y = {ϕ/(Ax) | x ∈ X} .f 2q\q iJ!ZDh
R(A) = {yA | y ∈ Y }





z 7→ z\ϕ = (zi\ϕ)1≤i≤p
fm s
z 7→ ϕ/z = (ϕ/zi)1≤i≤p
fzjZ
YSc-h'cBfebelutabm:qZvzjr'Z0fm*h'alh'knmZa {
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